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1 Comparing Cardinalities of Sets

Definition 1: Cardinality

2 sets have the same cardinality if there is a bijection f : A — B. We write |A| = |B| to indicate this.

This relation forms an equivalence relation. Shown in A04, so the equivalence relation R is given by:

ARB if there is a bijection f: A — B

Definition 2: Comparing cardinality

If we have 2 sets A , B we say that the cardinality of A is less than or equal to |B|, then we write

|A| < |B], if there is an injective function f: A — B

1.1 Properties of cardinality <

We want to prove that the < relation behaves as an order relation. This requires some lemmas to be proven

before the actual proof.

Suppose we have A1, B, A such that A; C B C A. If |A;| = |A] then |B| = |A]

Proof. The goal is to create a bijection g : A — B.

As we are given |A;| = |A| so let f: A — A; be a bijection. Now we use f to define a sequence of sets. We
set A9 = A and By = B and for each n € N we set:
An+1 = f(An) Bn+1 = f(B’ﬂ)
Since f is bijection from A to A; we have f(Ag) = A;. For each n € N we can say A,,11 C A,,. This can be

proven with induction as we already know that A; C Aj.

To define the bijection g : A — B, it will map all elements of A\ B to B but we need elements in B to map

them to. To get this we define:

Cn,=A,\ B,
and the set
c=|Jcn
n=0



We claim that f(C),) = Cp41. First note that if a € f(C,,), then a = f(c) for some ¢ € C,,. By definition
c€ A, and ¢ ¢ B,. Then f(c) € f(A,) = An11. We also have f(c) ¢ f(B,). If we have f(c) = f(b) for some

b € B, as f is bijection we must have ¢ = b that means we have ¢ € B,, which is a contradiction.

So now we have f(c) € Apt1 \ Bny1 that is f(¢) € Cy41, this proves that f(C,) C C,y1. Now assume we
have a € Cp41, then ¢ € A, 41 and a ¢ By41. This leads to a = f(a’) for some o’ € A, since a ¢ B, this
means that a’ € B,,. This means that o’ € C,, so that a = f(a’) € f(C),). This proves Cp,11 C f(C,). Therefore

we have f(C,,) = Cpy1.

The next claim is

Now assume we have a € f(C), then a = f(c) for some ¢ € C then ¢ € C,, for some n € N. This means
a € f(C) € f(Cy) = Cpy1 proving we have a € |J,-; C,,. Now if we have a € |J;—; C,, then a € C), for some
n. Then if we have n — 1 € N then we have C,, = f(Cp,—1). So a = f(c¢) for some ¢ € C,,_; then we can write

a € f(C). This proves the claim.

Finally, we define another set D = A\ C. We define our bijection g by defining it separately on the two sets

C and D. All the elements of C' are mapped to a smaller set and the elements of D are left where they are.

flz) ifzeC
g(x) =
T ifreD
First we need to verify for all z € A we have g(z) € B. If z € C, then f(z) € C,, for some n > 1, which implies
f(x) € A,,. Now since Ay O A1 D Ay ---. In particular that f(x) € A;. We have f(z) € A; and A; C B, so
f(z) € B. Otherwise if x € D, then x ¢ C, in particular z ¢ Cy so we have x fnA\ B which means that it is
not the case that x ¢ B, then whenever € D we have © € D.
Now we need to show that g is a bijection. To see that it’s one-to-one let z1, 22 € A such that g(z1) = g(x2).
If 21 and x2 both belong to C then f(x1) = f(x2) then 21 = x5. If both belong to D then we immediately have
21 =xo. If 1 € C and a9 € D, then f(z1) = x2 but we must have f(z1) € C so we have a contradiction. The

same contradiction follows for 1 € D and zo € C. So we have shown g is injective.

To prove g is surjective, assume we are given b € B. If b € f(C) then clearly there is ¢ € C such that
f(c) = b. Otherwise if b ¢ f(C). Then we can have b € Cy or b € D. If b € Cy then b € A\ B but we already
have b € B so this is a contradiction. Otherwise if we have b € D then g(b) = b and we are done.

In conclusion the function g : A — B is a bijection so by definition we get |A| = | B] O



Theorem 1: properties of <

(1) For all sets A, B,C, if |A| < |B| and |A] = |C| then |C| < |B|

(2) For all sets A, B,C, if |A| < |B| and |B| = |C| then |A| < |C]
(3) For all sets A, B,C, if |A] < |B| and |B| < |C] then |4] < |C]|

(4) (Cantor-Schroder-Bernstein Theorem) For all sets A B, if |[A| < |B| and |B| < |A| then |A| = |B|

Proof. The properties (1),(2),(3) all follow from the same general fact if f : A — B and gB — C are both

injective functions then sois go f: A — C

To prove (4) Cantor-Schroder-Bernstein theorem, suppose we have injective functions f : A — B and
g: B — A. Then the composition go f : A — A, which is also injective.
Now let X = ¢g(B) and Y = g(f(A)). Clearly X C A, and since f(A) C B, we get f(A) C B so we get Y C X.

Since g o f is injective, it is also a bijective function function from A to Y, we get |A| = |Y].

So we have Y C X C A and |Y| = |A|, applying Lemma 1 we can conclude |A| = |X|. But X = ¢g(B), and

g is injective, so g : B — X is a bijection and |X| = | B| so we can conclude |B| = |A]



2 Finite Sets

Definition 3: Finite Sets

A set is A called finite if A has the same cardinality as n for some n € N. We write |A] = n and we say

A has n elements. A set is infinite if it is not finite.

For a finite set we want to have the cardinality to be well defined. We cannot have |A| = m and |A| = n for

distinct m, n. The following lemma rules out that possibility.

For any n € N, there is no injective mapping from n to a proper subset of X C n.

Proof. Assume this is not true. Then by the well ordering principle, we can find some least n € N for which
there is an injective mapping from n to one of its proper sets. Clearly n # 0 because there are no proper subsets

of 0. Then there is no injective mapping from 0 to a proper subset of 0.

Now there are 2 cases: either n —1 € X orn—1¢ X. If we have n — 1 ¢ X then X C (n — 1), and
n—1 & N because n # 0. If f : n — X is an injective mapping, then we can now define a new mapping
g:n—1— X\ {f(n—1)} by taking g(k) = f(k) when every k € n — 1. Now g is automatically an injection
since f is, and g is mapping n — 1 to a proper subset of n — 1 since X is a proper subset of n — 1 since we know
that g atleast will mist f(n — 1) € n — 1. This contradicts that n was minimal.

Now suppose n — 1 € X. Since f is injective, we know that n — 1 = f(k) for some unique k& € n. We can use

this to define a new function g: n—1— X \ {n — 1} by taking:

£(i) ifi £k

fln—1) ifi=k

g(i) =

This function is same as f but instead of f(k) we map it to f(n — 1) to make sure that it maps into X \ {n—1},

g is injective and maps n — 1 to a proper subset of n — 1. Again this contradicts that n is minimal. O

This lemma has the following consequences:

If A is finite set such that |A] = n and |A| = m then n =m for all n,m € N

Proof. This implies that both n and m have the same cardinality. Assume that we have n # m. We have a
bijection f : n — m if n % m then either n C m or m C n in both cases we cannot have a bijection from n to

m or the other way because of Lemma 2 so this is a contradiction. O



Another consequence of Lemma 2 is:

The set N is infinite

Consider the bijection f : N — N given by d(n) = 2n this is a bijection so N is infinite, by definition as it

maps N to a proper subset of N. O

2.1 Properties of Finite sets

Theorem 3: Subsets of finite sets are finite

If Ais a finite set and B C A then |B| < |A| and B is finite

Proof. We can define a function ¢ : B — A by ¢(b) = b. Clearly this is an injective mapping so we have | B| < |A|.
Now since we know that A is finite we have |A| = n for some n € N. For n = 0 we already have that B is finite.

Consider n > 1 we can index the elements of A since there is a bijection from A to n, so we can write :

A= {a07a17---7an—1}

Given that B is a subset of A if B is empty we are done. Otherwise, there is some least index i for which
a; € B. We call that by. If we have B = {bg} it is finite and we are done. Otherwise there is another index
i1 > 1 for which a;, € B and B = {bg, b1 }. If we keep repeating this process we must end at some point as A is
finite. So at the end we get a sequence of indices iy < ¢; < @2 < ... for which a;,,a;,,a;2,... € B. So for each

element in B in the form a;; we can map it to j creating a bijection from B to a natural number. O

Note: Every application of Axiom Schema of Comprehension leads to a subset of X. So if only finite sets

are allowed to exist Theorem 3 shows that Axiom of Comprehension can only derive more finite sets.



3 Countable Sets

Definition 4: Countable sets

A set A is called countable if |A| = |N|, it is called most countable if |A| < |N|. If |A| is countable, we

write A = Vg

For any countable set we have a bijection from A to N so we can list the elements as an infinite sequence of

A ={ap,a1,...} conversely if we can list the elements as an infinite sequence it is countable.

Lemma 3: Subsets of countable sets

Every subset of a countable set are countable or finite

Proof. Suppose we have A and B C B. If B is finite we are done. So assume B is infinite. We can write
the elements of A as a sequence A = {ap, a1, as, ...} we can define elements of B recursively. First choose the
smallest index ko such that ax, € B then choose the next k1 > ko the continuing for each natural number 4, we
let k; > k;—1 such that a, € B and taking b; = ax,. We can do this because B\ {bg, b1, b2, ...} will always be
non empty given that it is infinite. So we can enumerate the elements of B as a subsequence of {a,} namely

ar. + This proves that B is countable. O
{ak, } P

Lemma 4: Cartesian Product of Countable sets

If A and B are countable then A x B is also countable.
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We can use induction to prove for finitely many countable sets Ag, A1, ... A, the product [] A; is also finite.
i=0
These results can be used to show that Q is countable. We can write any number in the form § so it can be
represented as (a, b) of integers where b # 0. We know that Z x Z is countable. So we can treat Q as a subset
of Z x Z. Every subset of a countable set is either countable or finite. Q contains the infinite set Z so Q is not

finite therefore is is countable.



3.1 Building Sets from Countable Sets

Lemma 5: Union of Countable sets

Let A, B countable sets then AU B is countable.

Proof. Since A, B are both countable, let A = {a,} and B = {b,} we can define a sequence whose range is
AU B, which we call ¢g, ¢1,¢a,. .., by taking cop = ax and cap41 = by, for each k € N. The sequence {c¢,, } might
have some duplicates, after removing the duplicates we end up with a sequence cg, 1, ca, ... which enumerates
AU B, this sequence has a bijection to one of it’s proper subsets to it is infinite and Lemma 3 shows that this

is countable. O

This can be extended to union of finite number of countable sets this can be proved using induction. So we

have for the set:

U A; Is countable
i=0

To prove the case where we have a countable collection of countable sets. Consider:

C={Ao,A1,As,...}

Here C is a countable collection of countable sets. We want to show that | JC is also countable. Using axiom
of choice we can enumerate all the countable sets at once. Let A; = {a;0,a:1,0:2,...} for each ¢ € N. Then
similar to Lemma 4 we can list ag o first then a; o then ap; and continuing all the indices whose sum is 1 then 2
then 3 .... This might have some duplicates, removing them and re indexing the sequence will yield the union
JC as enumerated by an infinite sequence. Thus union of countable collection of countable sets is countable.

This yields the following theorem.

Theorem 4: Countable Union of Countable sets

For a of a countable collection of countable sets C = {Ag, 41, Ag, ..., } the union

U A; Is Countable
i=0




4 Uncountable Sets

4.1 The Real Numbers R are Uncountable
Proposition: [(0,1)] = |R|

Proof. Consider the function f: (0,1) — R defined as:

1-—2x

f(af):m

It can be shown that this function is both injective and surjective. Therefore this is a bijection, leading to

(0, D) = [R] N

Theorem 5: R is uncountable

The set of real numbers is uncountable

Proof. We can try and enumerate all the real number between (0, 1) as all the numbers have a decimal expansion

we can list with as

n f(n)
110 31 4 1 5 9 2 6 5 3
210 3 73 7 3 7 3 7 3 7
310 1 4 2 8 5 7 1 4 2 8
410 7 0 7 1 0 6 7 &8 1 1
510 3 75 0 0 0 0 0 0 O

Now we can write the sequence as:

r = 0.b1,2b1,3b1,4 .
ro = 0.b271b2,3b2,4 ..
ry = 0.b3}1b3,2b3,4 ..
ry = 0.b4,1b4,2b4,3. .

Selecting the diagonals we can make a new number r as

r =0.cicac3 ...



4 Iftb;; #4
For each ¢; we have ¢; = we know that r € (0,1) but r is not in the sequence r,, since it differs

5 Ifbi; =4

at the i'" decimal position for each r,. So no matter how we try to enumerate (0,1) we cannot do it. So (0, 1)

is uncountable and so is R O

Theorem 6: Power set of N and R

|P(N)| = |R|, P(N) is uncountable.
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